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(•~*) ' Abstract 

' We investigate local and global strong solutions for the incompressible viscoelastic system of 

P5 I 01droyd"B type. We obtain the existence and uniqueness of a solution in a functional setting invariant 

. by the scaling of the associated equations. More precisely, the initial velocity has the same critical 

regularity index as for the incompressible Navier-Stokes equations, and one more derivative is needed 
for the deformation tensor. We point out a smoothing effect on the velocity and a L^— decay on 
CO ■ the difference between the deformation tensor and the identity matrix. Our result implies that 

the deformation tensor F has the same regularity as the density of the compressible Navier-Stokes 
p ^ ' , equations. 



^ \ 1 Introduction 



In this paper, we consider the following system describing incompressible viscoelastic fluids. 

' V • u = 0, X e M^, > 2, 

Vt + V ■ Vu + Vp = /xAw + V • 

Ft+v-VF = VvF, 
y F{0,x)=I + Eoix), v{0,x) ^voix). 



dWjF) pi 
dF ^ 



(1.1) 



> 

(N 
oo 

' Here, v, p, fi > 0, F and W{F) denote, respectively, the velocity field of materials, pressure, viscosity, 

deformation tensor and elastic energy functional. The third equation is simply the consequence of the 
chain law. It can also be regarded as the consistence condition of the flow trajectories obtained from the 
velocity field v and also of those obtained from the deformation tensor F ( [71 [131 [171 [22l [24] ) . Moreover, on 
the right-hand side of the momentum equation, is the Piola-Kirchhoff stress tensor and ^^^^-^F^ 

is the Cauchy-Green tensor. The latter is the change variable (from Lagrangian to Eulerian coordinates) 
" form of the former one (|17jV The above system is equivalent to the usual Oldroyd-B model for viscoelastic 

. fluids in the case of inflnite Weissenberg number ([16]). On the other hand, without the viscosity term, it 

represents exactly the incompressible elasticity in Eulerian coordinates. We refer to [H [7] [TH HH [531 [21] 
and their references for the detailed derivation and physical background of the above system. 
Throughout this paper, we will use the notations of 

= 9^7' ^^""^^'^ " i^v^Fk,, (V • F), = d,F,,, 

and summation over repeated indices will always be understood. 

For incompressible viscoelastic fluids, Lin et al.[15] proved the global existence of classical small 
solutions for the two-dimensional case with the initial data Vo,Eq — Fq ~ I e H''{M.'^), /c > 2, by 
introducing an auxiliary vector field to replace the transport variable F. Using the method in [Tl] for 
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the damped wave equation, they [22] also obtained the global existence of classical small solutions for the 
three-dimensional case with the initial data vo,Eo G H''{'U.^), fc > 3. Lei and Zhou 19, obtained the same 
results for the two-dimensional case with the initial data va,EQ G i/*(R^), s > 4. via the incompressible 
limit working directly on the deformation tensor F. Then, Lei et al. 18 proved the global existence for 
two-dimensional small-strain viscoelasticity with H'^iM.'^) initial data and without assumptions on the 
smallness of the rotational part of the initial deformation tensor. It is worth noticing that the global 
existence and uniqueness for the large solution of the two-dimensional problem is still open. Recently, 
by introducing an auxiliary function w = Av + - V ■ E, Lei et al.|17l obtained a weak dissipation on the 
deformation F and the global existence of classical small solutions to A^-dimensional system with the 
initial data vq,Eq e H'^(R^) and TV = 2,3. All these results need that the initial data vq and Eq have 
the same regularity, and the regularity index of the initial velocity vq is bigger than the critical regularity 
index for the classical incompressible Navier-Stokes equations. In this paper, using Danchin's method to 
study the compressible Navier-Stokes system, we are concerned with the existence and uniqueness of a 
solution for the initial data in a functional space with minimal regularity order. Although the equation 
([OJ3 for the deformation tensor F is identical to the equation for the vorticity u! — \7 x v oi the Euler 
equations 

dtuj + V ■ Vu! = Vww, 

our result implies that the deformation tensor F has the same regularity as the density of the compressible 
Navier-Stokes equations. 

At this stage, we will use scaling considerations for (|l.ip to guess which spaces may be critical. We 
observe that (|l.ip is invariant by the transformation 

{vo{x),Fo{x)) -J> {lva{lx),FQ{lx)), 

{v{t, x), F{t, x), P{t, x)) {lv{lh, lx),F{lh, lx),fP{lH, Ix)), 
up to a change of the elastic energy functional W into PW . 

Definition 1.1. A functional space E C (5'(R^))^ x (5'(R^)^^^ is called a critical space if the 
associated norm is invariant under the transformation {v{x), F{x)) — > {lv{lx), F{lx)) (up to a constant 
independent of Z). 

Obviously (H--^)^ x is a critical space for the initial data. The space H 2 however is 

not included in L°°, we cannot expect to get L°° control on the deformation tensor, when we choose 
{Fq — /) 6 (H^)^^^ . Moreover, the product between functions does not extend continuously from 
X if "2" to , so that we will run into difficulties when estimating the nonlinear terms. Similar 

to the compressible Navier-Stokes system ([8]), we could use homogeneous Besov spaces :— _B|^^(IR^) 
(refer to Sect. |3]for the definition of such spaces) with the same derivative index. Now, is an algebra 
embedded in L°°. This allows us to control the deformation tensor from above without requiring more 

N N N 

regularity on derivatives of F. Moreover, the product is continuous from B^~°' x B^ to B^~°' for 
< a < A^, and {B^-^)^ x (sf )^^^ is a critical space. 

In this paper, we assume that i^o := Fq — I and vq satisfy the following constraints: 

V • Wo = 0, det(/ + Eo)^l, V ■ E^ = 0, (1.2) 

and 

dmEoij — djEoim — EoijdlEoim — EoimdlEoij. (1-3) 

The first three of these expressions are just the consequences of the incompressibility condition and the 
last one can be understood as the consistency condition for changing variables between the Lagrangian 
and Eulerian coordinates [IT]- 

For simplicity, we only consider the case of Hookean elastic materials: W{F) — ■^\F\'^ — itr(i^F^). 
Define the usual strain tensor by the form 

E = F-I. (1.4) 



2 



Then, the system (jl.ip is 

V • w = 0, X eR^, N >2, 

(1.5) 



Vit + v ■ Vvi + dip = ^Av, + EjkdjEik + djEij, 



Et + v-S/E = VvE + Vw, 

{v,E){0,x) = {v(,.Eo){x). 

Let us now state our main results. Define the following functional space: 

C/| = (Li([0,T];B^+i)nC([0,T];B^-i))" x {C[[Q,T]-B')f^ , 

V ^ (Li(M+;S'^+i)nC(M+;B"-i))^ x {L^{M.+ ■ B') r^C{M.+ ■ B'' r\ B'-^))^''^ . 
Theorem 1.1 (Local result). Suppose that the initial data satisfies the incompressible constraints hl.2\) 

iV N -1 

and Eq G B^ , vq G B^^ . Then the following results hold true: 

1) There exist T > and a unique local solution for system \1.5\) that satisfies 

{v,E)e[L\[0,T];B^+^)nC{[0,T];B^-^)) x (c([0, T]; )) 

\\{v,E)\\^. < C{\\Eo\\^N + ||t'o||^f-0, (1.6) 

and 

V ■v = 0, dct(/ + E) = 1, V -E^ ^0. (1.7) 

2) Moreover, if Eq G B" and uq G s G (f , f + 1), then 

\\{v,E)\\u^<C{\\Eo\\b^ + \\vo\\b^^-.). (1.8) 



Theorem 1.2 (Global result). Suppose that the initial data satisfies the incompressible constraints hl.2jt - 
fTl) . EoeB^ n BTr-\ vo G B^-i and 

\\Eo\\^N^^._, + \\vo\\^N_, <X, (1.9) 

where X is a small positive constant. Then the following results hold true: 
1) There exists a unique global solution for system il.5\) that satisfies 

V G (ii(R+;Bf+i)nC(R+;B^-i))^, 

NxN 



E G (^L^{R+;B^) n C{R+:B^ D B^-^)^ 



\\{v,E)\\^. < M{\\Eo\\^«^^N^, + ||«o||^«-J. (1.10) 

2) Moreover, if Eq G B' and uq G B'-^ s G (f , f + 1), then 

\\{v,E)\\v^<C{\\Eo\\b^ + \\vo\\bs-^). (1.11) 

Remark 1.1. The L^-decay in time for i? is a key point in the proof of the global existence. We shall also 
get a L^— decay in a space a trifle larger than B~ (see Theorem 16.11 below) . 

Remark 1.2. Theorem 11.21 implies that the deformation tensor F has similar property as the density of 
the compressible Navier-Stokes system in [8]. And we think that the incompressible viscoelastic system 
is similar to the compressible Navier-Stokes system. 
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Remark 1.3. Similar to the compressible Navier-Stokes system in [8], the initial data do not really belong 

I I JV 1 

to a critical space in the sense of Definition ll.il We indeed made the additional assumption Eq G 
(which however involves only low frequencies and does not change the required local regularity for Eq). On 
the other hand, our scaling considerations do not take care of the Cauchy-Green tensor term. A careful 
study of the linearized system (see Proposition 231 below) besides indicates that such an assumption may 
be unavoidable. 

Remark 1.4. Considering the general viscoelastic model (|l.ip . if the strain energy function satisfies the 
strong Legendre-Hadamard ellipticity condition 

d^W{I) _ „ 2l3^)SuSjm + P''{5,m5ji + 5,jdim), with a > /? > 0, (1.12) 



dFiidFjm 

and the reference configuration stress-free condition 

dW{I) 



OF 

then we can obtain the same results as that in Theorems I1.1H1.2I 
In this paper, we introduce the following function: 

c^A-^\7-E, 

where A^/ = J'^^dCl"/)- Then, the system (HH]) reads 



-0, (1.13) 



V-i; = V-c = 0, xeR'^,N>2, 

Vtt + v ■ Vvi + diP = /xA-y^ + EjkdjE.k + ^Ci, 

ct + v-\7c+ [A-iy-, v]VE = A-i V • (VvE) - Av, (1.14) 
AEij ^ AdjCi + dk{dkEij - djEik), 
iv,c){0,x) = ivo,A-^V ■Eo)ix). 



So, we need to study the following mixed parabolic-hyperbolic linear system with a convection term: 

(1.15) 



V-u = V- c = 0, X e M^, > 2, 
Vit + u- Vvi + dip - fiAvi - Aci = G, 
ct + u ■ Vc + Av — 
{v,c){0,x) = {vq,co){x), 



where divu — and cq — A • E'o- This system is similar to the system 

ct+v ■\/c + Ad = F, 



dt+v-Vd- flAd- Ac^G, ''^'^^^ 

in Danchin's paper ( [S]). Using the method studying the compressible Navier-Stokes system in [S] 
(Proposition 2.3), we can obtain the Proposition 14.31 and L^— decay on E. 

When we finished this paper, we noticed that some similar results were also obtained independently 
in [25] ■ where J.Z. Qian introduced the function dy = — A^^VjWi, and considered the mixed parabolic- 
hyperbohc system of {E, d). 

As for the related studies on the existence of solutions to nonlinear elastic systems, there are works 
by Sideris[13] and AgemijT] on the global existence of classical small solutions to three-dimensional 
compressible elasticity, under the assumption that the nonlinear terms satisfy the null conditions. The 
global existence for three-dimensional incompressible elasticity was then proved via the incompressible 
limit method ( [27]) and by a different method ( [28]). It is worth noticing that the global existence and 
uniqueness for the corresponding two-dimensional problem is still open. 

Now, let us recall some classical results for the following incompressible Navier-Stokes equations. 

vt + V ■ Vv + Vp = fJ.Av, 

V-w = 0, (1.17) 

v{0,x) = vo{x). 
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In 1934, J. Leray proved the existence of global weak solutions for (|1.17l) with divergence-free uq S Li^ (see 
[20]). Then, H. Fujita and T. KatojT2] obtain the uniqueness with uq G H^^^. The index s = N/2 — 1 is 
critical for (|1.17|) with initial data in H'^: this is the lowest index for which uniqueness has been proved 
(in the framework of Sobolev spaces) . This fact is closely linked to the concept of scaling invariant space. 
Let us precise what we mean. For all Z > 0, system ()1.17p is obviously invariant by the transformation 

u{t, x) ui{t, x) :— lu{l^t, lx),uo{x) -> Uoi{x) :— luo{lx), 

and a straightforward computation shows that ||ito|| ■ — \\uqi\\ . This idea of using a functional 



■ 1 1 r ■ invariant by the scaling of (|1.17p is now classical and originated many works. Refer to [3| [5l l6l ITS] 
for a recent panorama. 

The rest of this paper is organized as follows. In Section [2l we state three lemmas describing the 
intrinsic properties of viscoelastic system. In Section |3l we present the functional tool box: Littlewood- 
Paley decomposition, product laws in Sobolev and hybrid Besov spaces. The next section is devoted to 
the study of some linear models associated to (|1.5|) . In Section [Sj we will study the local well-posedness 
for (11.51) . At last, we will prove Theorem 11.21 in Section [HI 

2 Basic mechanics of viscoelasticity 

Using the similar arguments as that in the proof of Lemmas 1-3 in |17) , we can easily obtain the following 
three lemmas. 

Lemma 2.1. Assume that det(/ + £^0) = 1 is satisfied and (v,F) is the solution of system il.5\) . Then 
the following is always true: 

det{I + E) = l, (2.1) 
for all time t > 0, where the usual strain tensor E = F — I . 

Lemma 2.2. Assume that V • Eq = is satisfied, then the solution {v,F) of system HI. 5]) satisfies the 
following identities: 

V -F^ ^0, and V -E^ ^ 0, (2.2) 

for all time t > 0. 

Lemma 2.3. Assume that 111 .3]) is satisfied and {v,F) is the solution of system il.5\) . Then the following 
is always true: 

dmEij — djEirn = EijdlEim — EimdlEij , (2.3) 

for all time t > 0. 

3 Littlewood— Paley theory and Besov spaces 

The proof of most of the results presented in this paper requires a dyadic decomposition of Fourier variable 
{Littlewood-Paley composition). Let us briefly explain how it may be built in the case x € M.^ , N > 2, 
(see 01 [TO]). 

Let 5(R^) be the Schwarz class. Lp{^) is a smooth function valued in [0,1] such that 
supp^ C < 1^1 < h and ^ ^(2-^0 = 1, |^| / 0. 

Let h{x) = {J'^^(p){x). For f E S' (denote the set of temperate distributes, which is the dual one of S), 
we can define the homogeneous dyadic blocks as follows: 

AJ{x) := ^{2-'^D)f{x) = 2^« / h{2'^y)f{x - y)dy, if g £ Z, 
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where T ^ represents the inverse Fourier transform. Define the low frequency cut-off by 

p<q-l 

The Littlewood-Paley decomposition has nice properties of quasi-orthogonahty, 

ApAJi = 0, if \v~q\> 2, 

and 

A,(Vi/iAp/2) = 0, if >5. 
The Besov space can be characterized in virtue of the Littlewood-Paley decomposition. 

Definition 3.1. Let 1 < p < cx) and s e M. For 1 < r < oo, the Besov spaces i3p^(M^), N > 2, are 
defined by 

/ e i?;.,(R^) ^ ||2«^||AJ|Up(r«)||^^ < oo 

and B"(M^) = B|_i(M^). 

The definition of Bp^{R^) does not depend on the choice of the Littlewood-Paley decomposition. 
Let us recall some classical estimates in Sobolev spaces for the product of two functions ( 11 ). 

Proposition 3.1. Let 1 < r,p,pi,p2 < oo. Then following inequalities hold true: 

hvh^ <\Hl^\Hb^ +\\v\\l^\\u\\^^ , if s>0, (3.1) 

p,r p,r p,r 

N 

\\uv\\^. <hb. IIHI.^ , ^f kl<-, (3.3) 

\\nv\\._^<\\u\\i, \\v\\^ s^, If se(--,-], p>2. (3.4) 

We give the following definition of hybrid Besov norms as that in [5] . 
Definition 3.2. For /i > 0, r e [1, +oo] and s G M, we denote 

Il"ll5,r E max{A., 2-"}^-^ II A,u|U.. 

Let us remark that||/|| jja,=o w ||/||_B=ns=-i ^nd ||/||j^s,2 = ||/||ss. Let us recall some estimates in 
hybrid Besov spaces for the product of two functions. 

Proposition 3.2 ( 8 , Proposition 5.3). Let r G [l,oo] and G M. There exists some constant C such 
that 

\\T^v\\ .^^<C\\u\\^..4v\\b^, if s<min{l-- + ^,^}, 

N 

||T„w|| C||M||se||w[|^t.., if s<—, 

2 

||i?(u,i;)|| < C||M||^.,r||i;||st, if s + t>max{0,l }, 



• uv 



< ||u||^si ||w||^s2 , if Si,S2< — and si + S2 > 0, (3.2) 



where 



Tfg^ E Ap/A,g = E Vi/Ag5 

p<q-2 q 

R(.f, ff) - E Ag/Aq.9 With Ag := Ag_i + A, + A^+i. 
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Lemma 3.1. 



Proof. Since 



\\[A-'V,u]Wv\\ .^^<C\\Vu\\^.\\v\\ . 



\T{[K-^d,,u]djv) 



< 



aH-\i\) + i.^i-riim 



riju{^ — 7])v{'q)drj 



mri\ 

(Vuj*(^ - ri)v*{ri)dri = J'((Vu)*u*), 



(3.5) 



where f*=J- "'^(|/|), we have 



\Api[A-'d,,u]d,v) 



= C||^(2-Pem[A-ia„w]9,i;))|L. 
= C\\Ap{{Wurv*)\\L2 



and from Proposition 13.2 



\\[A-^V,u]Vv\\^N_^ < C|l(Vu)*w*|U«,„ 

< c\\{vur\\^.\\v*\\^.^^ 

< C\\Vu\\^.\\v\\ 

where we use the face that llAj,/*!^^ = ||¥'(2"P0I/I IIl^ = 11^(2-^0/(0^^ = IWfh-- 
Then, we give the definition of the Chemin-Lerner type spaces. 



□ 



Definition 3.3. Let s e M, (r, A,p) e [1, +oo]^ and T e]0, +oo]. We define L^{Bp^) as the completion 
of C([0,T],5) by the norm 



< oo. 



with the usual change if A = oo, r = cx). 



4 A linear model with convection 

Using the similar argument as that in the proof of Proposition A.l in [S], we can obtain the following 
proposition. 

Proposition 4.1. Let {p,r) G [l,+oo]^ and s G (— y,l + y), and v be a solenoidal vector field such 

that Vv e L^iO, T; sf^r n Suppose that /q e ^, g £ 1^(0, T; J and that f G L°°(0, T; J n 

C([0,r];5') soZues 

+ V • («/) = g, 
f\t=o — fo- 
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Then there exists a constant C depending only on s, p, r and N , such that the following inequality holds 
true for t e [0, T] : 



wfhriBi,^) < e""^^*^ (ii/oiis^,. + e"""^^'^ umB^jt^ , (4.1) 

with V(t) = f* llVull jv dr. Moreover, if r < oo, then f £ C ([0 , Th sfr) ■ 

Proposition 4.2 ( ^10^, Prop. 3.2). Let s G ( — ^, 2 + ■^), r G [1, cxd], up be a divergence-free vector field 
with coefficients in B2~r^ ^'^'^ f ^ ^t(^2 r^)- ^ ^^'^ divergence-free time dependent vector fields 

such that Vw £ L^{Q,T;B^^^ n L°°) anrf m G C([0, T); B^^;^) n Assume m addition that 

ut + v-Vu- nAu + vn = /, 

V • M = 0, (4.2) 

u\t=o = Uq, 

is fulfilled for some distribution H. Then, there exists C = C{s,r,N) such that the following estimate 
holds true for t £ [0, T]: 

ll"IlL~(i3=-/) + mII"IIzi(bj+1) + ||vn||£i(^._i) 

whereVit)^J^\\Vv\\ . dr. 
After the change of function 

c^A-^V-E, 

the system (jl.Sp reads (|1.14p . At first, we will study the following mixed linear system 

(4.4) 



V-w = V-c = 0, xeR^,N>2, 
v^t + u- Vvi + dip - ^A-Wj - Aci = G, 
ct + u • Vc + Au = L, 
(D,c)(0,a;) = (wo,co)(a;), 



where divu — and cq = A^^V • -Bq- Using the similar arguments as that in 8 (Proposition 2.3), we 
can obtain the following proposition and omit the details. The main different is that there is a pressure 
term Vp in (|4.4p 9. Using that fact that V ■ = V ■ c = 0, we have / v ■ Vp = / c • Vp = 0, and obtain the 
following proposition. 

Proposition 4.3. Let {v, c) be a solution of on [0, T), 1 — -j < P < '^'^'^ ^ ~ /o !!'"(''') Il^-f+i^'''- 

The following estimate holds on [0,T): 

\\{v,c)\\^.<Ce^"'-^\ \\coh..^ + \\vo\\B.-^ 

+ ^'e-^^(^) {\\L{s)U^.^. + \\G{s)\\s.-.) ds), 

where C depends only on N and p, 

= {{v,c) € (Li(0,r;S'^+i)nC(0,r;B"~i))^ 

X (Li(0,r;Sf )nC(0,r;S^'-)j }, 

and \\iv,c)\\x^ = lbllL-(i3 = -i) + ^lkllL^(i3= + i) + l|c|lL-(i3 = -~) + Ml|c||ii,(j3j,i) • 
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5 Local results 



5.1 Local existence 

Let V be the solution of the hnear heat equations, 



dtv — fiAv — 0, 
v{0,x) = vo{x). 



(5.1) 



It is easy to obtain that v e C{[0,T]; i) and 

< C\\vo\\^^^, r e [1, (5.2) 

Then, we can choose Ti £ (0, 1) such that 

where Ai is chosen in (|5.7p and (|5.9p . 

Let u = V — V. We wiU obtain the local existence of the solution to the following system 



V ■ u = 0, X e R^, iV > 2, 

Uit + u ■ "S/ui + u ■ Vvi + V ■ Vui + V ■ Vvi + dip = ^Aui + EjkdjEik + djEij , 
Et + u-VE + v - VE = VuE + VvE + Vu + Vw, 
{u,E){{),x) = {Q,Eo){x). 



(5.4) 



Now, we use an iterative method to build approximate solutions (u", E"^) of (|5.4p which are solutions 
of linear system. Set the first term {E'^^vP) to (0,0). Then define {(m", i?")}„gN by induction. Choose 
(£'"+^, -y"+^) as the solution of the following linear system 

f V • 0, x e M^, iV > 2, 

{u''+^)^t + (u" + v) ■ V(m"+1), + - AiA(M"+l), 

= _(^" + y) . S7v, + E^+'d,El+' + d,E^+\ (5.5) 
E'^+^ + (u" + v) ■ V£;"+i = Vm"£;" + Vw^;" + Vu" + Vw, 
[ (u"+i,i?)(0,x) = (0,i?o)(x). 

The existence of the third equation can be obtained by the classical result of the transport equations. 
About the second equation's existence result, we can use the Friedrichs mollifiers. Here, we omit the 
details. 

We are going to prove that, if T e (0, 1) is small enough, the following bound holds for all n £ N, 

l|i?"||j^(^f ) < 6||£;o||^«, ||^i"|lzoo(5.-,) + < Ai. (P„) 

Suppose that (P„) is satisfied and let us prove that (P„+i) is also true. 
From Propositions 13.11 and 14. 1[ we get 

||£;"+i|L 

" "l5?(bt) 

< e^^^\Eo\\.+2X,e^'^mE^\\^ +2X,e^^^, (5.6) 

where F"(0 = /g ||Vw"||^« + ||Vi;||^«dT. When Ai satisfies 



2Aie^^i < i, e^^^ < 2, 2Aie^^i < ||So|l «, (5.7) 
2, ts 2 
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we have 

||£:"+i|L , < 6\\Eo\\ N. 
From Propositions 13.11 and 14.21 we have 

< Ce^^^ (2\l+T{Q\\E4^. f + QT\\E4^.) 

< Ai, (5.8) 
where we choose Ai and T satisfying 

Ce^^-(2Xl + T{6\\Eo\\^.f + 6T\\Eo\\^.) < Ai. (5.9) 

Thus, (P„) hold for ah n > 0. From (|5.5I) . we can easily obtain that u^^E"^ are uniformly bounded in 
L\,{B--'^). Then, letting the limit of is {u,E), using the classical compactness arguments, we 

can obtain that [u + w, _E) is the solution of (15. 4p . Thus, we can prove the existence part of Theorem ll.il 

5.2 Further regularity property 

Let s e (^, ^ + 1). Under the additional assumption Eq G B'^ and Wg 6 B^^^, we obtain that w S 
C([0,r];B"-i) and 

ll^ll^. (^.-.+^) < C||z;o||b»-i r e [1, oo]. (5.10) 

Then, we shall prove that the sequence {(m", i?")}„gN is uniformly bounded in U^. 
Applying Propositions 13. II and 14.11 and (P„), we get 



||£;n+l| 



■ T 



< e^^"^^^ \^\Eo\\b^ + e-^^"(*)||Vu"i;" + Vi;i;" + VM" + Vi;||B.df 

< e^'^ (\\Eo\\b^ + \\{^u\Wv)\\. ^. \\E-U^^B^-, 



< 



+ ||(V^.", Vi;)|L^(B.)||i?"||^^^^«j + ||(Vu", Vt;)|L^(s.) 

e^'^ WEoWb^ + 2Aie^^^ l|i?"llz^(B=) + Ce^'' hoh^-^ (6||i?oI|^f + 1) 
+e^^MI""llL^(s=+i)(6||i?o||^f +1). (5.11) 
From Propositions 13.11 and 14.21 we have 

< Ce'^v-W II _ ^ -) . ^ E-+^d,E^^ + d,E^' 
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< Ce^^^Ai||«o||B=-i+TCe^'H|i?"+'llL?.(B=)(6||i?o||^« +1). (5.12) 
From (I5.1ip - (|5.12p . we have 

II «+iii , II «+iii , /^II-^"'''^IIl|?(b=') 

II" llz^(B^-.)+Mll" "^^(^-^-)+ 2e^^^(6||i^o||^^+l) 
< Ce<^^Ui||«o||B=- +rCe^^M|i?"+'llL^(Bo(6||i?o||^« +1) 

+ 2(6||iJo||^«+l)+-"'^""^^-^+(6||£;o||,«+l)'"' "^-(-) 
+ fll^^"llL^(B»+i)- (5.13) 
From jSH), we have (6||g„||^^„ +i) < ze^'^i (6||ioll «+!) ■ ^^^'^ ^ ('^'^l satisfies 

B 2 

2T,Ce-(6||i.oll,« + 1) < (^-l^) 
we can prove by induction from the inequality ()5.13p that 

^ a'II^^"IIl-(b=) 

II""IIl?;(b=-) + 2 ll""ll^^,(^=+^) + 8eC^^i6\\Eo\\ « + 1) 



< Ce^^^Ai||«„b.-. + + ^IkollB^-, V n. (5.15) 

2{6\\Eq\\ + 1) 2 

Now, we conclude that the sequence {(u", £'")}„gN is uniformly bounded in C/^^ . This clearly enables us 
to prove that the solution {v, E) built in the previous subsection also belongs to U^_^. 

N_ 

From {v,E) E [/j? , we will prove that {v,E) G CZ-f. Applying Propositions 13.11 and 14. 1 [ we get 

II^IIZ~(B=) 

< e^?^(^) (\\Eo\\b^ + £ e-^^^'^\\WvE + Vv\\B^dt) 



< 



c(||ii;o||B= + I ||vHI^«||i?||B=di + i|v«L^(s.)||£;il^^(^«^ 



+ I|Vi'||l^(b=)) 

< CWEoWb^+cJ^ \\Wv\\^.\\E\\Bsdt + C\\v\\Li^^B. + .y (5.16) 

From Propositions 13.11 and 14.21 we have 

ll^llL-(i3-i) +/^I1^IIl^(S = + i) 

< Ce^^W (^oIIb-1 + \\EjkdjE,k+djE,,\\L^^^B.- 



< C\\vo\\b^-^+CI {\\E\\^.\\E\\Bs + \\E\\Bs)dt 

< C\\vo\\b^-i+C r \\E\\B^dt. (5.17) 



From dSHll-dETZl), we have 



II II , /^ii „ , mI|£^IIl|?(s= 

ll«llz~(s-i)+ 2"''"^t(s=+^) + 



< C\\Eo\\b^+C\\vo\\b^-i+C f {\\Vv\\^.+l)\\E\\Bsdt. 



Using Gronwall's inequality, we can obtain ([TT 
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5.3 Uniqueness 

Let {v\E\p^) and {v^,E'^,p'^) are solutions of ([TSl) satisfying G C([0,T];Bf ), e C([0, T]; -i)n 
L^iO,T; B^). From Propositions [3?T] and l4Al we get 

< CT^. (5.18) 



Let "5 be the solution of the linear heat equations, 



dtvi - ^lAvi = EojkdjEoik + djEoij, 
w(0,x) = 0. 



It is easy to obtain that v e C{[0,T]; i) and 



From (|1.5p . we have 



From Propositions 13.11 and 14.11 we get 



(5.19) 



< C\\Eo,kd,Eoik+d,Eoi,\\^,^^^^^,^ < CT, r e [l,oo]. (5.20) 
When iV > 3, from Propositions 13.11 and l4.2[ we have 

< C\\ - ■ \/{v + i)i + E^^d.Ei, ~ Eojkd.Eoik + d,{El^ ~ i?oy)||^^(^« -.^ 

< C{ \\V% N 1 ||V(W + U)|| N 1 

+T\\{E\Eo)\\ N ||£;*-£;o|| , N ,+T\\E'- ~ EqW n , 

< C(T). (5.21) 
Let 5v = - v'^ and SE = E^ - E'^. Then, we have that 



{6v,SE) eC{[0,T];{B^-^)'^ x (5^-1)^^^). 



f V • (5w V • (5£;^ 0, 

(5uif + ■ \/6vi + Sv ■ \/vf + diSp 

= fiASv, + E]^d,5E,k + SEjkdjEl + d.j5E,j , (5.22) 
5Et + ■ VSE + 5v ■ VE^ = Vv^6E + VSvE^ + VSv, 
[ {6v,6E)iO,x)^{0,0). 



< (.cvHt) \\-Sv-VE^ + yv^SE + ySvE'^ + VSv\\ N_,dt 

Jo ^ " 

< C (||<5«||^«||£;'||^« +||Vt;i|l^«||<5i?||^«_, + ||<5t-||^«)di 

< C\\5v\\^^^^^.^+C \\Vv'\\^.\\5E\\^._,dt. (5.23) 
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From Propositions 13.11 and I4.2[ we have 



\\Sv\\ ~ N „ + u\\Sv\\ , N 

< Ce^^' \\-5v- Vvf + ELd,5E,k + SE,kd,El + d,5E, 



(5.24) 



< C 



\\5v\\^._,\\Vv^\\^. + {\\E^\\^. + \\E^\\^. + l)\m\^i^-. 



dt. 



From dn^Mll-dEMl), we have 

\\6E\\ 



(5.25) 



< C 



\\5v\\^N_,\\Vv^\\^.+\\^v^^.\\5E\\^._, + \\5E\\^._, 



dt. 



Using Gronwall's inequahty, we obtain that 5E — 5v — Q and finish the proof of uniqueness part of 
Theorem 11.11 when > 3. 

When N ^ 2, using the similar arguments as that in the proof of (I5.18p - (|5.2ip . we have that {Sv, SE) e 
C([0,r]; (^2;;^)^ X (B§^)^^^). From Propositions O and O we get 

< e"^^'(*M \\~SvVE'^ + Vv^SE + V5vE'^ + VSv\\go dt 

Jo 

< C f {\\Sv\\b4^E^^o +\\Vv^b45E\\b^, +\\Sv\\bi )dt 

< C\\Sv\\^^B^^+C f \\Vv'\\b4SE\\so ds,te[0,T]. 

Jo 

Now, inserting the fohowing logarithmic inequality (see (4.6) in TCT) in the above estimate, 



\L}^(Bl,) 



< 



ln(e- 



II/IIZ^(B^ 



we have for t £ [0,T] 



\\SE\\ 



< C f \\Vv'\\Bi\\SE\\go ds 
Jo 



^niX II 1 ( ll'^Hl£i(B°^) + l|fa|lzi(B|,^) 

^) ln(e + p^^^— ). 



Since 



i=l 

we have for t G [0, T], 

< c[ WVv'MmBO ds + C\\5v\\^,^^^ in(e + — ), 

Jo \\°^\\l\{bI^) 



and using Gronwall's inequality. 



Ct 



-)■ 



(5.26) 



(5.27) 
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From Propositions 13.11 and I4.2[ we have 

< Ce^^'(*) II - 6v ■ Vvl + E]^d,5E,k + 5E,kd,El + d,5E,, IIl;(b^L) 



< C 



< C 



|Vu^ 



\E'\\bi + \\E^b^ + 1)\\SE\\^o^ 
ds. 



ds 



Denote 



From (i5:27| - (i5:28t . we have 



\\6v\\s-i\\Vv'\\b^ + \\SE\\^^^^o^^^ 

Wit) II'5«|Iz5,(b-^)+mII'5^^IIl^(bi^^) 



W{t)<C I {l + \\Vv'\\s^)W{s)\n{e + r^^)ds, T e [0,t] 



As 



dr 



(5.28) 



rln(e + ^) 

a shght generahzation of GronwaU lemma (see e.g. lemma 3.1 in [31) implies that W = on [0,T]. Thus 
we obtain that 6E = 6v = 0, and finish the proof of uniqueness part of Theorem 11.11 when N = 2. □ 



6 A global existence and uniqueness result 

This section is devoted to the proof of the following theorem. 

Theorem 6.1. Consider the viscoelastic model ( f j.5)) . Suppose that the initial data satisfies the incom- 
pressible constraints U.2\) - ![L3\) . Eq G B~ riB~~^, vo € B~~^ and 

||£;o||^«^^«_i + lko||^«-: <A, (6.1) 
where X is a small positive constant. Then there exists a global solution for system 11.5]) that satisfies 



||(z;,£;)||^« < M(||i?o||^«^^«_, + Ikoll^f -0, (6.2) 



whe 



X' = {{v,c) e {L\R+; B'+^) nC{R+; B'-^)) 



N 



x[L\R+;B;'')nCiR+;B;n) } 



Denote 



a= l|£^o|Lf ,^ + IkolLf-i- 



From Theorem 1 1.11 '^e have that there exists a unique local solution {v,E) of ()1.5p with the initial data 
(vojEq). Assume that the maximum existence time is T*, such that the solution {v,E) exists on [0,T*) 
and 

{v,E) e (^L\[0,T*);B-+^)nCi[0,T*);B--^)j x [C{[0,T*); B')) 



Using ProDOsition l3.11 we can easily obtain that E G I C([0, T*); B^^^) J and omit the details. From 
Lemmas I2.2H2.3[ we have 

dmEij — djEi,n — EijdiEim — EimdiEij — di{EijEi„i — EimEij). (6.3) 
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We are going to prove the existence of a positive M such that, if a is small enough, the following 
bound holds, 

\\{v,E)\\. <Ma. 



Claim 1. If 



then, we have 



\\{v,E)\\^N <2Ma, Te (0,r*), 



when a is small enough. 

Let c = A^^V • E, we have 



with 

From Proposition 



{v,E)\\^. <Ma. 



V • u = V ■ c = 0, 

vt -\- V ■ Vw + Vp — /iAu — Ac = G, 
ct+v ■\/c + Kv = L, 
AEij = AdjC, + dkidkEij - djE,k), 
^ (u,c)(0,x) = {vn,co){x), 



U = A'^d,iVvE),j - [A-^dj,v]VE,j, = E^kd^E^k- 
we have 



(z;,c)l|^« < Ce 



C\\v\\ 



llcoll 



M\L{s)\\ . +\\G{s)\\^, 



From Proposition 13.21 Lemma lOI and (|6.5p . we obtain 



< C||Vv£;|| +C\\E\\ " ^ llVwII N 



From Proposition 13. II and (|6.5p . we get 



||Vu|| , , « < CM^a^ 



LliB-- 



L|,(i3^) 



(^(2«^||A,i?|U.max{M,2-n)' 



i\ 2 



2«-||A,i?|U. min{M-\2n 



dt 



< C\\E\\ N ^ \\E\\ N 1 < CM^a'^. 



From (p:^ -(|5JU )) . we have 



(«,c)||^« < Ce 



From (16.31) and (I6.7l)zi. we have 



CMa 



\Eo\ 



\\E\\ < C\\c\\ _jv„ 



C\\E^ 



(6.4) 
(6.5) 
(6.6) 



(6.7) 



(6.8) 



(6.9) 



(6.10) 



(6.11) 
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< C\\c\\ ^ +C\\E\\ n\\E\\ 

< C\\c\\ ^ +CM^a^ (6.12) 

L^iBj' ) 



and 



< 


c 




~£L 1 
LUB^" ' ) 


L\.{B,?- 


< 


c 


c 


L}r(B7' ) 


' "L;^(B-2-) 


< 


c 


c 


-R. 1 




< 


c 


c 


LlriBj- ) 





From dHHl-dUg, we have 



(6.13) 



\\{v,E)\\ « < Ce^^^" ||i?o|| «,^ + |koll «-i+CAfW UCM^a^ 

< 2Ca + a<Ma. (6.14) 
when Af = 2C + 1 and a satisfies 

^CMa < 2, 2C^M'^a + CM^a < 1. (6.15) 

Then, we finisli the proof of Claim 1. From the classical continuation method and Claim 1, we can easily 
obtain that ()6.4p . Combining Theorem 1 1.1) one can obtain that T* — oo and finish the proof of Theorem 
O □ 
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